
Tutorial Notes 1

1. Evaluate ∫
R

xy cos y dA,

where R: −1 ≤ x ≤ 1, 0 ≤ y ≤ π.

Solutions: By Fubini’s theorem,∫
R

xy cos y dA =

∫ π

0

(∫ 1

−1

xy cos y dx

)
dy = 0.

2. Evaluate ∫ 1

−1

∫ π/2

0

x sin
√
y dy dx.

Solutions: By Fubini’s theorem,∫ 1

−1

∫ π/2

0

x sin
√
y dy dx =

∫ π/2

0

(∫ 1

−1

x sin
√
y dx

)
dy = 0.

3. Evaluate ∫
Ω

es log t dA,

where Ω: 1 ≤ t ≤ 2, 0 ≤ s ≤ log t.

Solutions: By Fubini’s theorem,∫
Ω

es log t dA =

∫ 2

1

(∫ log t

0

es log t ds

)
dt

=

∫ 2

1

(t− 1) log t dt

=
(t− 1)2

2
log t

∣∣∣∣2
1

−
∫ 2

1

(t− 1)2

2
· 1
t
dt

=
log 2

2
−
∫ 2

1

t2 − 2t+ 1

2t
dt

=
log 2

2
− 1

2

(
log 2− 1

2

)
=

1

4
.

4. Evaluate ∫
D

(y − 2x2) dA,

where D: |x|+ |y| ≤ 1.
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Solutions: By symmetry,∫
D

y dA = 0 and
∫
D

2x2 dA = 4

∫
Dru

2x2 dA,

where Dru: x+ y ≤ 1, x, y ≥ 0. By Fubini’s theorem,∫
Dru

2x2 dA =

∫ 1

0

(∫ 1−x

0

2x2 dy

)
dx =

∫ 1

0

2x2(1− x) dx =
1

6
.

Hence ∫
D

(y − 2x2) dA = −2

3
.

5. Evaluate ∫ 2

0

(tan−1 πx− tan−1 x) dx.

Solutions: By the fundamental theorem of calculus and Fubini’s theorem,∫ 2

0

(tan−1 πx− tan−1 x) dx

=

∫ 2

0

tan−1 tx
∣∣t=π

t=1
dx

=

∫ 2

0

(∫ π

1

x

1 + t2x2
dt

)
dx

=

∫ π

1

(∫ 2

0

x

1 + t2x2
dx

)
dt

=

∫ π

1

1

2t2

(∫ 4t2

0

1

1 + u
du

)
dt

=

∫ π

1

log(1 + 4t2)

2t2
dt

= − 1

2t
log(1 + 4t2)

∣∣∣∣π
1

−
∫ π

1

(
− 1

2t

)
8t

1 + 4t2
dt

=
log 5

2
− log(1 + 4π2)

2π
+

∫ π

1

4

1 + 4t2
dt

=
log 5

2
− log(1 + 4π2)

2π
+

∫ 2π

2

2

1 + t2
dt

=
log 5

2
− log(1 + 4π2)

2π
+ 2(tan−1 2π − tan−1 2).
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